Numerical modeling of dispersive shock waves called solibore in a stratified fluid is conducted. The theoretical model is based on extended version of the Korteweg-de Vries equation which takes into account the effects of cubic nonlinearity and Earth rotation. This model is now very popular in the physical oceanography. Initial conditions for simulations correspond to the real observed internal waves of shock-like shape in the Pechora Sea, the Arctic. It is shown that a sharp drop (like kink in the soliton theory) in the depth of the thermocline is conserved at a distance of one-three kilometers, and then it is transformed into dispersive shock waves (shock wave with undulations).
Introduction
The theory of shock waves in fluid and gas in the framework of hyperbolic set of equations is rather well developed [1] [2] [3] . An effective method to analyze shock waves is the use of conservation laws for appropriate quantities on the front of the wave. The theory of shock waves in weakly dispersive media is more difficult, because the shock profile contains damped oscillations; it is called dispersive shock wave [4] . An example of a system that enables existence of dispersive shock wave is a well-known Korteweg-de Vries (KdV) equation with a small parameter at the term with higher derivative:
where ( , ) is a wave function, is spatial variable, is time, is a small parameter, and indices denote partial derivatives. All the quantities in (1) are assumed to be nondimensional. Here it is also possible to use the conservation laws; in particular for the Korteweg-de Vries equation there are an infinite number of conservation laws [5] . An effective method to analyze oscillating shock waves was proposed in the pioneering paper [6] , and then it was developed in the series of studies by El and Kamchatnov with their coauthors [7] [8] [9] . The consideration of a weak dissipation (less than dispersion) results in a stabilization of dispersive shock wave, which then can propagate as travelling wave [10] .
Internal waves in the ocean can serve as an excellent example of dispersive shock waves; such waves are called solibores [11] [12] [13] [14] . Solibores are generated by baroclinic tides and were observed in many regions of the world ocean, especially in shallow water. Their modelling is usually performed in the framework of the Korteweg-de Vries-type equations (see the papers cited below). Here we will give the results of the modelling of internal solibore observed in Arctic waters. The special feature of Arctic regions from the point of view of the theory of nonlinear waves is the need to take into account rotation of Earth that leads to the increase of the order of evolutionary equations. In particular, the Korteweg-de Vries equation should be replaced by the Gardner-Ostrovsky equation [15] , which is not integrable. In Section 2 we describe the observations of internal bore in the Pechora Sea (Arctic basin). The model of internal wave transformation, based on the Gardner-Ostrovsky equation, is given in Section 3. Coefficients of this equation are calculated for the two-layer model adapted for the real observed density stratification of the region of measurements; they are described in Section 4. Section 5 contains the results of numerical modeling of internal solibore. The main conclusions are given in Section 6.
Observations of Internal Bore in
the Pechora Sea (Arctic Basin)
Internal bore was observed on the Barents Sea shelf in the socalled Pechora Sea. The bathymetric map is shown in Figure 1 . The sea waters in this area are quite shallow; the depths are in the range of 10-30 m. Measurements of internal waves in the Pechora Sea were carried out during the 13th cruise of the R/V "Akademik Sergey Vavilov" in August 1998 [16] . The place of observations in the southern shallow water region of the Pechora Sea (depth 16 m) is marked by red asterisk in Figure 1 . Here we reproduce the description of the observed internal shock-like wave from [16] : "An abrupt upward shift of the thermocline for approximately 3 m was registered (front duration was about 2 minutes), indicating the passage of internal bore. Immediately after the bore forefront passage, the "yo-yo" profiles yielded intense temperature inversions with an amplitude up to 1 ∘ C. Shortly thereafter the inversions disappeared, and the thermocline became completely smooth within 2 hours after the bore passage." We will not reproduce original record due to low quality, but its character will be visible then in Figure 4 .
In the present study we used averaged hydrographic data from climatological atlas [17] , which was created exactly for the Arctic region. The nearest points to the point of records in this atlas were two points (numbered 3445 and 3493) with depths 15 and 25 m. For these points temperature and salinity are given for 5 to 6 levels in vertical. On a base of these data the buoyancy (Brunt-Väisälä) frequency ( ) was estimated:
where is the vertical coordinate, is the gravity acceleration, and 0 ( ) is the undisturbed density of sea water. The profiles of ( ) are shown in Figure 2 .
Theoretical Model of Internal Wave Transformation in a Rotating Ocean
One of the main mechanisms of generation of short-period internal waves is the transformation of internal tides [12] . Therefore, a proper theoretical model should be able to describe this process of transformation of long waves into a train of short waves. An important point here is that Earth's rotation can notably affect these initially long waves. This impact apparently is particularly large at higher latitudes and in the case of wave propagation over long distances. The effect of background rotation generally causes a short internal wave to decay through the radiation of inertia-gravity waves; see the review [18] and the recent studies [17, 19] . In practice, the time scale for this decay is one or two inertial periods. Several studies [16, 20, 21] address theoretical models that include rotational effects on the same order (of weakness) 
where ( , ) is an unknown function, is a spatial variable (horizontal coordinate), is time, is the relevant linear long wave speed, coefficients , 1 , and of the nonlinear and dispersive terms, respectively, are the environmental parameters of internal waves determined by the properties of the basic state (all these coefficients are described below), and is the Coriolis parameter, which depends on the period of Earth's rotation = 24 h and the geographical latitude :
Corresponding numerical model of (3) is described in [15, 22] . This model was verified for the shelves of Australia and Europe [23] and was used for the study of internal solitary wave transformations on the shelves of the Kara Sea and the Laptev Sea; internal breathers were also modeled for the conditions of the Baltic Sea [24] .
It is worthy to note that internal wave dynamics essentially depends on the signs of the coefficients of (3). The coefficient of dispersion is always positive; however, the coefficients of quadratic nonlinearity and cubic nonlinearity 1 can have either sign and even may vanish. The possible combinations of the signs of the nonlinear coefficients in the Gardner equation correspond to different wave propagation regimes.
Coefficients of the GardnerOstrovsky Model
It was already mentioned that parameters of model (3) depend on the background density stratification (buoyancy frequency profile) and sea depth. As one can see from Figure 2 , there are only a few points in vertical coordinate in the hydrological data, and this fact implies quite rough estimates of the parameters of (3). Therefore we (following original paper [16] ) decided to use a two-layer approximation of vertical density profile (Figure 3 ). For the case of two-layer stratification explicit expressions of the coefficients of the Gardner-Ostrovsky equation are known [25] [26] [27] :
Here ℎ 1 and ℎ 2 are the undisturbed widths of the upper and lower layers, respectively, is the reference density, and Δ is density jump between the layers. The sea depth is taken equal to 15 m. The characteristics of the two-layer model are given in Table 1 . The latitude to calculate the Coriolis parameter (4) was taken to be 69.5 ∘ N. Coefficients (5) of (3) are given in Table 2 (Δ / = 0.0027). They were calculated using the data from Table 1 . Table 1 Temperature Salinity Density Upper layer, Note that using of the two-layer approximation leads to an essential increase (up to two times and even more) of values of nonlinear and dispersive coefficients of (3) of coefficient 1 at the cubic nonlinear term here is comparable to the quadratic nonlinearity parameter . Therefore one can expect an increase of the influence of nonlinearity in such a model.
The internal wave record presented in [16] was digitized with the time step of 18 seconds. High-frequency nontidal oscillations and noise were filtered out with the help of standard algorithm given in [28] . The numerical model of the boundary problem for (3) was solved with periodical boundary conditions in time; therefore the time interval of the record was enlarged up to 13.5 hours. Also initial signal ( = 0 , ) = 0 ( ) was recalculated from the given level of 10.54 m from the seabed to the level of the interface between layers in two-layer model (5 m from bottom). The shape of the initial condition is given in Figure 4 .
The Results of the Modeling
The modeling of internal wave evolution was carried out with the aim of estimations of "lifetime" for certain forms of wave motion, in particular, for internal bore (not containing undulations) and solibore (with undulations). The initial wave was used either for calculations of positive -direction or negative one (estimated prehistory, or past state of the wave). Transformation of the wave from the point = −10 km to = 10 km is presented in Figure 5 .
As the effect of cubic nonlinearity is significant for our model, it leads to generation of one thick (top-table) solitary wave (having maximal possibility for solitons amplitude) and a number of usual KdV-solitary waves with amplitude being twice less than limiting one ( lim = | / 1 | [14] ) in the process of degeneration of internal bore. This process was studied theoretically in [29] . The top-table solitary wave is clearly visible both at direct ( = 8.3 km) and at inverse ( = −10 km) transformation of the initial bore-like wave. Thus, kink (steep wave front without undulations on its profile) is present at almost all the stages of the wave transformation. In fact, the wave shape, which is given in experimental record, is formed in the neighborhood of the point = −1.7 km and remains the same almost until the point = 1.7 km. It exists on the distance of about 3.5 km during around 3 hours.
The action of positive quadratic and significant negative cubic nonlinearity leads to asymmetry (to positive polarities) of the distribution function for wave displacements due to formation of solitons. In the vicinity of = 0, where there are no solitary waves, one can observe a deeper trough between two crests, while the amplitude of this trough decreases in the regions before and after = 0. This can be explained by positive quadratic and significant cubic nonlinearity when the formation of solitons leads to asymmetry of the distribution function of the displacement in the wave in the positive region.
Conclusion
Numerical calculations of the evolution of the field of internal waves in the Pechora Sea, in which measurements of internal bore were carried out in August 1998, are performed.
Measured form of internal bore is used as the initial condition for numerical simulations. Numerical model based on the Gardner equation allows enabling the forecast of wave evolution. It is shown that a sharp drop (kink) in the depth of the thermocline is saved at a distance of one-three kilometers, and then it is transformed into solibore (shock wave with undulations).
